This paper proposes a novel fault diagnosis and robust fault-tolerant control strategy for over-actuated systems which subject to actuator faults. Firstly, the considered fault is formulated into an additive term (which is referred to as virtual fault). Then an augmented state observer is used to estimate this virtual additive fault. To achieve fault isolation and estimation for the over-actuated system, which is more difficult than that of an ordinary system, this paper considers the actuator fault as a sparse signal and proposes a constrained sparse optimization approach to recover the actual multiplicative fault in the over-actuated system. Based on the fault diagnosis result, a robust fault-tolerant controller is designed by the virtual actuator approach, which aims to construct a reconfiguration block to force the output of the reconfigured faulty plant approximated the behavior of a nominal system. Finally, the proposed fault diagnosis and faulttolerant scheme is applied to an ADMIRE model. Simulation results demonstrate the effectiveness of the proposed method.
Introduction
In recent decades, there is an increasing demand for reliability, maintainability and survivability in modern control systems. Faults might deteriorate the performance of the systems or even lead to a hazardous event. Therefore, fault detection and diagnosis (FDD) and fault-tolerant control (FTC) techniques have been extensively investigated during the past three decades. Fruitful results can be found in Chen and Patton, 1 Noura et al., 2 and Zhang and Jiang 3 and the reference therein.
FTC techniques are generally classified into two classes, passive fault-tolerant control (PFTC) and active fault-tolerant control (AFTC). Compared to PFTC, AFTC can provide a better performance as it adjusts the control law based on the fault-related information provided by the FDD module. 3 Therefore, it is obvious that the FDD module which has fault estimation capacity is of significant importance in an AFTC method. So far, a number of fault estimation approaches have been proposed in the literature. For instance, adaptive observer has been used for fault estimation in Wang and Daley, 4 Jiang et al., 5 Liu et al., 6 and Shen et al. 7 A fault isolation filter with fault estimation ability is proposed in Keller 8 and this method has been further extended and applied to three-tank system 9 and winding machine. 10 It is known that the faults can be classified into additive faults and multiplicative faults according to the manner of influence. Nevertheless, most of the existing fault estimation methods in the literature focus on the additive faults while limited results are devoted to fault estimation for the multiplicative faults. [11] [12] [13] [14] [15] In Jiang and Chowdhury, 11 an actuator fault estimation method is proposed based on a reduced Kalman filter. In Zhang and Jiang, 12 a two-stage adaptive Kalman filter is used to estimate the state and the fault parameters simultaneously. In Rotondao et al., 13 the fault estimation is formulated as a parameter estimation problem and is solved by recursive least square method. It is known that the practical fault is not infinite but limited in a certain range. However, most of the aforementioned papers did not consider the physical limitations of the fault. In fact, the fault estimation method should consider the point so as to provide a more practical and accurate estimation result. So far, the fault estimation approaches which consider the physical limitation of the faults are really limited. 14, 15 On the other hand, most modern safety-critical systems are equipped with some redundant actuators which make the control system over-actuated and it has attracted many researchers' interests. [16] [17] [18] [19] Due to the redundant actuators, it is not easy to achieve fault isolation in the over-actuated systems. 19 So far, only few existing works have considered fault diagnosis for over-actuated control systems. In Cristofaro Johansen, 19 an FDD method based on unknown input observer is presented to deal with actuator faults in over-actuated systems. The basic idea of this approach is to make the residual decoupled from certain fault by designing unknown input observers. Recently, Wang et al. 20 proposed a novel FDD method for over-actuated systems by formulating the fault estimation as a sparse approximation problem. Then the latter can be solved using orthogonal matching pursuit (OMP) algorithm. 21, 22 Nevertheless, these methods only deal with the additive faults. Moreover, the physical limitation of the fault is not considered in Wang et al., 20 which limits the practicability of these methods. In view of this, this paper will propose a novel fault estimation method for over-actuated systems based on a constrained sparse optimization algorithm.
After the fault estimation is achieved, the controller will be reconfigured to carry out the FTC task. Most of the existing AFTC methods aim to achieve fault tolerance by change the structure or parameters of the nominal controller. However, it should be noted that the nominal controller, which is elaborately designed and adjusted by the designers, usually represents valuable prior knowledge. Therefore, it is not a good choice to change the nominal controller to deal with the fault. Recently, an alternative solution is proposed to achieve fault tolerance by pursuing a fault-hiding goal. In this method, instead of changing the nominal controller, a reconfiguration block is inserted between the nominal controller and the faulty system to hide the influence of the fault. This methodology can be depicted in Figure 1 . The reconfiguration block translates the nominal control input u c into a reconfigured control input u f so that the reconfigured plant (which is made of the faulty plant and reconfiguration block) behaves as the nominal plant. 23, 24 The reconfiguration block in Figure 1 is also referred to as virtual actuator. In recent years, several AFTC methods using virtual actuator have been proposed and successfully applied to different systems, such as linear time-invariant systems, 25 piecewise affine systems, 26 Lipschitz nonlinear systems, 27 Hammerstein-Wiener systems, 28 and LPV systems. 13, 15 However, the virtual actuator-based AFTC for over-actuated systems has received little attention. For over-actuated systems, only the control allocation methodology is used to distribute the desired FTC action over the available actuators. 19 Another limitation of the methods in these results is that the FDD design is always omitted but the faults are assumed to be known beforehand.
This paper addresses the fault diagnosis and FTC for over-actuated systems. In this paper, a novel FDD approach suitable for over-actuated systems is proposed via augmented observer design and a constrained sparse optimization algorithm. Moreover, a robust fault-tolerant control (RFTC) scheme based on virtual actuator is proposed to deal with the effect of the fault. For the sake of readability, the proposed strategy is summarized in Figure 2 . In the fault diagnosis module, an augmented observer uses the control input u f and the measurement output y to obtainv, which is the estimate of a virtual fault term (in order to achieve fault estimation, the multiplicative actuator fault is firstly transformed into an additive term v). Then, the virtual fault estimatev is further converted to an estimate of the actuator distribution matrix, i.e.B f . In the FTC scheme, the fault estimation result is used to achieve fault hiding. Specifically, a reference signal r is used to generate a nominal control input u c and the virtual actuator block usesB f and u c to obtain an FTC input u f to hide the influence of the fault.
The rest of this paper is organized as follows. In the forthcoming section, we briefly introduce the problem formulation. Next, an augmented observer is presented, and then a constrained sparse optimization method is designed to estimate the multiplicative actuator fault. A robust AFTC approach based on virtual actuator is proposed later and then the proposed FDD and AFTC approach is applied to an ADMIRE model. The simulation results are presented subsequently. Finally, the conclusion is given in the last section.
Problem formulation
Consider the nominal control system given by
where xðtÞ 2 R n , uðtÞ 2 R m , and yðtÞ 2 R p represent the nominal plant state vector, control input, and measured output, respectively. A 2 R nÂn , B 2 R nÂm , and C 2 R pÂn are constant matrices with appropriate dimensions. This paper focuses on the over-actuated systems, in which the number of operable control is greater than the controlled variables, usually B will have full row rank, i.e. rankðBÞ ¼ k 5 m.
According to Richter, 24 an actuator fault is an event that changes the nominal input matrix B to the faulty input matrix B f , then the faulty system with actuator faults can be represented as 
where x f ðtÞ 2 R n , u f ðtÞ 2 R m , and y f ðtÞ 2 R p denote the faulty plant state vector, control input, and measured output, respectively. Herein, the control effectiveness matrix of the faulty system is different with that of the nominal system, i.e. B 6 ¼ B f . Without loss of generality, the matrix B f can be represented as
where Ã ¼ diagð 1 , 2 , . . . m Þ donates the effectiveness matrix which indicates the multiplicative faults. According to the practical consideration, the diagonal entries in the effectiveness matrix should be limited in a finite range. In this paper, it is assumed that 04 i 41, i ¼ 1, 2, . . .m. In fact, i represents the effectiveness factors of the ith actuator. i ¼ 0 means that the ith actuator is presented to be total failure, such as a stuck fault; 0 5 i 5 1 denotes the fault of the ith actuator may be a partial loss of control effectiveness; and i ¼ 1 implies the ith actuator is faultfree. In this paper, it is assumed that all the state variables are measurable. Moreover, only the single fault scenario is considered. These assumptions are reasonable because modern engineering systems especially the aerospace systems are equipped with sufficient sensors and high reliable components.
The aim of this paper is to estimate the fault distribution matrix B f in the over-actuated system (1), and then design a virtual actuator to hide the effect of the fault.
Fault estimation using augmented state observer and constrained sparse optimization
In this section, the effect caused by the fault is first formulated as an additive term, which is referred to as virtual fault. Then an augmented state observer is presented to estimate this virtual fault. Based on the estimation result, a constrained sparse optimization algorithm which considers the physical limitation is used to recover the real fault.
Virtual fault estimation via augmented state observer
According to Zhang and Jiang 12 and Zhou and Frank, 29 the multiplicative fault can be transformed to a representation of the additive fault. Motivated by this, this paper formulates the faulty system (2) as follows
where
It is easy to obtain that
Let
Then the original system (4) is written as Herein, the term vðtÞ 2 R n is viewed as a virtual fault. It is an intermediate variable which enables us to estimate the real fault effectiveness matrix F.
To estimate the virtual faultvðtÞ, an augmented system is constructed as follows
In this paper, the virtual actuator fault vðtÞ is assumed to be slowly varying, i.e. _ vðtÞ ' 0. It should be noted that this assumption is presented only for the convenience of synthesis. As shown in Zhang et al., 30 the augmented observer is able to achieve accurate fault estimation in dealing with time-varying faults.
For the augmented system (8), an augmented state observer is designed as
where x ðtÞ 2 R nþn is the state estimation, and L 2 R pÂðnþnÞ is the observer gain matrix to be designed.
According to the definition of " xðtÞ, the estimation for the virtual fault can be determined bŷ
Therefore, the estimation for the virtual is transformed into an augmented observer design problem.
To design the augmented observer (9), we propose the following theorem.
Theorem 1:
For the error dynamic system (14), there is an augmented observer if there exist a positive scalar and a symmetric positive definite matrix
And the observation error eðtÞ converge exponentially to zero with rate of convergence not less than ; moreover, the gain matrix L is given by L ¼ P À1 Y.
Proof:
Define the augmented state estimation error as eðtÞ ¼ " xðtÞ À" xðtÞ ð 13Þ
Then the error dynamic equation is obtained as follows
Consider the following Lyapunov candidate as
Differentiating the Lyapunov candidate along the trajectory of system described by equation (15) results in
If there exists a positive definite matrix P and matrix L to make the following inequality satisfied
Then we have
It is obvious that
Based on equation (15) 
Thus the observation error eðtÞ converge exponentially to zero with rate of convergence not less than .
For equation (17), Letting
Then equation (17) is equivalent to equation (12) .
Fault recovery via constrained sparse optimization
By using the augmented observer, the virtual fault v can be estimated asv. The next task is to estimate the multiplicative fault effectiveness matrix F fromv. Note that equation (6) can be transformed as where
Note that M is a matrix of dimensions n Â m, where n 5 m. As a result, the fault estimation problem in equation (23) is underdetermined. Usually, an underdetermined problem is difficult to solve. Fortunately, the sparse property of the fault enables us to solve this problem using sparse optimization algorithm. Considering the sparse property of the fault, the fault recovery problem is described as follows
where kk 0 is L 0 -norm of , i.e. the number of nonzero elements of a vector. Although the sparse optimization given in equation (25) is NP-hard, there exists some existing methods to provide an approximation solution, such as basis pursuit (BP) algorithm and OMP algorithm. Using the sparse property of the fault, Wang et al. 20 presented an FDD approach based on the OMP method for the spacecraft with four flywheels. However, it only deals with the additive fault and the physical limitation of the fault is not considered. Therefore, the method proposed in Wang et al. 20 may not applicable in dealing with the multiplicative faults with physical limitation. In view of this, this paper proposes a fault recovery method based on a constrained sparse optimization algorithm.
As only the single fault scenario is considered in this paper, the sparsity of the actuator fault is 1. Moreover, the limitation of the effectiveness factor f i is À14f i 40, i ¼ 1, 2, . . .m. Under these conditions, the fault estimation with the sparsity and physical constraint can be described as follows f^¼ arg min kv À Mk s:t:
where f^is the estimation of f. In order to solve this problem, the sparsity of f^is converted into a useful structural property. Since the sparsity of f^is 1, there is only one column of M corresponding to the nonzero element of f^participates in v. More specifically, the fault occurred in the ith actuator will result in f^¼ 0Á Á Áf i Á Á Á0 ½ T . Then it comes
where M i denotes the ith column of M. With equation (27) , the L 0 -optimization problem (26) can be rewritten as
where i Ã is the optimal estimation of the fault index.
Remark I:
Since the number of potential fault modes is m, we can obtain an estimation error index J j for the each fault mode j, j ¼ 1, 2, Á Á Ám. The basic idea of the optimization problem (28) is that the index J i corresponding to the actual fault index i must be smaller than others. Therefore, the optimization problem (28) is to find the index of the minimum in J 1 , J 2 , Á Á ÁJ m f g , and then using the index i Ã to obtain f i Ã (and then f^). In more detail, the procedure of the constrained sparse optimization algorithm is described as follows.
Step 1. On the basis of equation (27) , where the virtual fault v and M i are known vectors, then f i can be calculated by many techniques, such as the least square method.
Step 2. According to equation (28), calculate J j ¼ kv À M jfj k with the constraint conditions À14f j 40, j ¼ 1, 2, Á Á Ám. Such as iff i 4 0, set f i ¼ 0, and iff i 5 À 1, setf i ¼ À1.
Step 3. Find the optimal index i Ã which corresponds to the minimum J j , and set f^¼ 0Á Á Áf i Ã Á Á Á0 h i T .
Now the multiplicative fault can be estimated successfully based on the augmented observer and constrained sparse optimization method. Once f^is obtained, the estimate of the actuator distribution matrix can be obtained by using equations (4) and (5), i.e.
And then the results can be used for the design of active fault-tolerant controller.
Remark II:
Note that it may cause singularity problem when u i is closed to zero. To deal with this problem, suppose that when u i ¼ 0, 8i ¼ 1, . . ., m, the fault estimation f ðtÞ is determined by the latest estimation result, i.e.
Now the multiplicative fault can be estimated successfully based on the augmented observer and constrained sparse optimization method. And then the results can be used for the design of active faulttolerant controller.
Robust tolerant control tracking controller design
In this section, a virtual actuator approach is proposed for RFTC. The nominal controller remains part of the reconfigured closed-loop system and it has the practical advantage of minimum-invasive control law adjustments. 24 Moreover, to ensure the stability and performance of the fault-tolerant control system, a robust fault-tolerant tracking controller is designed.
Generally speaking, if the fault-hiding goal reaches means that there is no difference between the nominal system state x and the faulty system state x f , therefore it is necessary and sufficient to satisfied the following condition that
Lemma 1: 24 Under the assumption that uðtÞ spans the full input space, the exact restoration of the state trajectory 8t : x f ðtÞ ¼ xðtÞ after actuator faults is possible if and only if rankðB f Þ ¼ rankðBÞ 6 ¼ 0 ð33Þ
(and the initial state of the nominal and the faulty plant is identical). The solution of equation (32) If the rank condition (33) is not satisfied, a redistribution of the control inputs is not enough, then a dynamical virtual actuator block is necessary to solve this problem. While for over-actuated control systems, supposing there is only one single actuator loss the effectiveness, it means that only one column of the input matrix B has changed. Thus in this paper, we suppose the problem satisfies the rank condition all the time.
In this paper, consider the nominal system as a reference system and then let the faulty state x f track the nominal state x after actuator faults occurred. Then a feedback control law based on reference input tracking can be designed as follows
where rðtÞ 2 R n is the reference input vector, K x 2 R nÂn is the state feedback control matrix to keep system stable, K r 2 R nÂn is feedforward control matrix to keep system tracking the reference offset-free. The feedback matrix K x is designed by linear-quadratic regulator method to guarantee the closed-loop system ðA þ BK x Þ stable and the feedforward matrix K r based on the pseudo inverse matrix of À½CðA þ BK x Þ À1 B. According to Lemma 1, if there exist suitable matrices S, K e , through the following equation u f ðtÞ ¼ SðuðtÞ À K e ðxðtÞ À x f ðtÞÞÞ ð36Þ then the fault-hiding goal can be satisfied. Where K e 2 R mÂn is the controller gain which to make the controller robust to tracking error.
However, for practical application, the faulty input matrix B f is unknown, but its estimationB f can be achieved base on the above fault estimation method. Thus it can re-expressed as S ¼B þ f B, andB þ f is the pseudo-inverse ofB f .
It is expected that the FDD block can estimate faults with high precision such thatB f ¼ B f , and then B f S ¼ B fB þ f B would be equal to B. Whereas, nearly all the existed approaches cannot realize it for all kinds of fault, especially when an actuator has failed completely. Obviously, the fault-tolerant controller could not deal with the actuator faults if we still design the controller based on the estimation faults. Thus, it is significant to design a robust faulttolerant controller in this condition.
Theorem 2: For systems (1) and (2), with the given scalars 4 0, 4 0, 4 0, if there exists a positive definite symmetric matrix X ¼ X T 2 R n 4 0 and matrices W 2 R mÂn satisfying the following linear matrix inequality holds
Then the controller given by equation (36) is a robust fault-tolerant controller against the estimation error. Moreover the controller gain can be given through K e ¼ WX À1 .
Proof: Define eðtÞ ¼ xðtÞ À x f ðtÞ, then 
If there exists some error between the real fault and its estimation such that
Then equation (40) The problem of solving controller gain can be described as a H 1 control problem, according to the bounded real lemma, it is obtained that
If equation (45) is satisfied, we can get
Then pre-and post-multiplying by diagðP À1 , I, IÞ and setting X ¼ P À1 , W ¼ K e X, it is obviously to see that equation (45) is equivalent to equation (37).
In the process of solving problem, the amplitude of the fault-tolerant controller gain is likely to be too big to be suitable for practical application. In order to prevent the problem, the following constraint is added.
where kK e k ¼ ffiffiffiffiffiffiffiffiffiffiffi ffi K T e K e p denotes its L 2 norm, and 4 0 is a positive scalar.
Based on the definition of the L 2 norm, equation (47) is equivalent to
Using Schur complement lemma, equation (48) is equivalent to
Substitute K e ¼ WX À1 into equation (49), yields
Then pre-and post-multiplying by diagðX, IÞ, equation (50) can be re-described as
In order to use the LMI toolbox to solve the problem conveniently, it is needed to transform equation (51) into the form of LMI by the following equation.
ÀXX þ
And it is sufficient for equation (52) that the following two inequalities be satisfied
Due to X 4 0, 4 0, equation (54) leads to equation (39). This completes the proof.
Simulation results
In this section, the ADMIRE model from Ye et al. 31 is used to demonstrate the effectiveness of the proposed method. The ADMIRE model represents the linearized dynamics of a small fighter aircraft flying at Mach 0.22 and altitude 3000 m. The nominal model is described as Note that rankðBÞ ¼ 5 5 7, it is obviously that the ADMIRE model is an over-actuated system. Moreover, without loss of generality, it is assumed that the gain matrices in the nominal controller The first step to implement FDD and FTC is the augmented observer design. By letting ¼ 10 and solving the LMIs in equation (12) , the gain matrix L in the augmented observer (9) is obtained as Next, by choosing ¼ 1 and setting ¼ 100, ¼ 1, the feedback gain matrix K e in the robust fault-tolerant controller (37-39) is obtained as
In order to show the superiority of the proposed fault diagnosis method, the predictive filtering method proposed in Crassidis and Markley 32 is used for comparison study.
The predictive filtering method is proposed for the following nonlinear system where W and R are weighting matrices, Át is the constant sampling time interval. ÃðÁtÞ is a diagonal matrix with elements given by
and SðxðtÞÞ is a matrix with each ith row given by
Applying the predictive filtering method to the considered system gives the following predictive filter _x f ðtÞ ¼ Ax f ðtÞ þ Bu f ðtÞ þ Mf ðtÞ
where M is given as (24), andf ðtÞ is obtained bŷ In the simulation, the constant time interval is assumed to be Át ¼ 0.02 s and the weighting matrices R and W are chosen as R ¼ 0:01 and W ¼ 0:01I 7Â7 , respectively.
Remark III: It is noted that although the predictive filter is a nonlinear estimation method, it reduces to a linear estimator when it is applied to the considered system. This is quite natural since the considered system is linear.
Remark IV: It is noted that the multiplicative faults estimation results by predictive filter are also constrained into a certain limitations. i.e.
In the following, three fault scenarios are considered to illustrate the performance of the predictive filter and the proposed strategy.
Partial loss of effectiveness failure
The first fault scenario is a partial effectiveness loss failure. Herein, it is supposed that the second actuator loses 50% effectiveness from t ¼ 10 s, i.e. 
The fault estimation results provided by the predictive filter and the proposed fault diagnosis method are depicted in Figures 3 and 4 , respectively. Herein, the estimation result of the virtual fault is omitted due to the limitation of space. From Figure  3 , it can be seen that the fault estimates provided by the predictive filter slightly deviate from the actual fault magnitudes. On the other hand, Figure 4 shows that the proposed fault diagnosis method using the constrained sparse optimization algorithm gives more accurate fault estimation result than the predictive filter in this partial loss of effectiveness fault scenario.
With the fault estimation result and the obtained robust fault-tolerant controller, the FTC result is depicted in Figure 5 . Therein, the blue solid curves represent the nominal reference system states without actuator faults, the red dashed curves describe the system states under the proposed robust fault-tolerant controller (RFTC) which is presented in this paper. It is shown that the proposed robust fault-tolerant controller is able to effectively suppress the effect of the fault.
Total loss of effectiveness failure
In this fault scenario, total loss of the first actuator are considered after t 4 10s, consequently, the effectiveness factor matrix are changed to
In this case, the fault estimation result by using the predictive filter is illustrated in Figure 6 . It is obvious that the fault estimates significantly deviate the actual fault and the predictive filter gives false fault estimates. The reason lies in that the predictive filter does not consider the sparsity and hence the couplings between the actuators cause false estimation result. The fault estimation result provided by the proposed fault diagnosis method is shown in Figure 7 . It can be seen that the fault can been estimated with high accuracy by the presented method. The simulation results of this fault scenario further illustrate the superiority of the proposed method compared to the predictive filter. Figure 8 shows the fault-tolerant control simulation result. It can be seen that the robust fault-tolerant controller effectively recovers the desirable performance of the system.
Incipient fault scenario
In this fault scenario, incipient fault of the fifth actuator is considered. The considered fault starts from t 4 10s and influences the effectiveness factor matrix as
In this scenario, the fault estimation results provided by the predictive filter and the proposed fault diagnosis method are depicted in Figures 9 and 10 , respectively. Figure 10 shows that the incipient fault can also be quickly and accurately estimated by the presented method. However, as shown in Figure 9 , the predictive filter method obtains false fault estimation result.
Finally, the FTC result is depicted in Figure 11 , where it can be seen that the robust fault-tolerant controller effectively recovers the desirable performance of the system.
Conclusion
In this paper, a novel integrated fault diagnosis and fault-tolerant control method for over-actuated systems is proposed. Firstly, by considering the multiplicative actuator faults as an auxiliary state, an augmented system representation is constructed and then an augmented observer is designed to estimate the impacts caused by the fault. Then, by taking the practical limitation of the effectiveness factors into consideration, a constrained sparse optimization approach is proposed to recover the actual multiplicative faults. Finally, a robust fault-tolerant control method based on virtual actuator design is presented. The proposed approach is applied to a dynamic ADMIRE model and simulations show the proposed FDD and FTC exhibits satisfactory performance. x(t) xf (t) with RFT C Figure 11 . Simulation results of RFTC with incipient fault. RFTC: robust fault-tolerant control.
